We study the mean turnaround time of a Brownian needle in a narrow planar strip. When the needle is only slightly shorter than the width of the strip, the computation becomes a nonstandard narrow escape problem. We develop a boundary layer method, based on a conformal mapping of cusplike narrow straits, to obtain an explicit asymptotic approximation to the mean turnaround time. Our result suggests that two-dimensional domains lying between parallel walls may play a significant role in DNA repair.
We study the mean turnaround time of a Brownian needle in a narrow planar strip. When the needle is only slightly shorter than the width of the strip, the computation becomes a nonstandard narrow escape problem. We develop a boundary layer method, based on a conformal mapping of cusplike narrow straits, to obtain an explicit asymptotic approximation to the mean turnaround time. Our result suggests that two-dimensional domains lying between parallel walls may play a significant role in DNA repair. Introduction. The diffusive motion of a needle confined to a planar strip, which is only slightly wider than the length of the needle, and its turning around is a rare event. This is due to the narrow space around the vertical position of the needle in the strip. A Brownian needle in a strip can model a mRNA, a transcription factor, or a stiff DNA fragment moving in a very confined chromatin structure. For example, under severe stress, the DNA of the bacterium Deinococcus radiodurans, the most radioresistant organism, undergoes a phase transition in reorganizing the genome into tightly packed toroids, which may facilitate DNA repair [1] . Three-dimensional analyses [2] reveal a complex network of double membranes that engulf the condensed DNA, suggesting that two-dimensional domains lying between parallel walls may play a significant role in DNA repair. The theory of confined diffusion of shaped objects, such as polar molecules, mRNAs, or transcription factors in narrow domains such as the dense chromatin structure is largely unexplored, due to many unsolved difficulties arising, for example, in the law of reflection at the boundary.
Our purpose here is to calculate the mean time a needleshaped diffusing object requires to change orientation in a confining strip. Due to the small area in the configuration space that is allotted for reorientation, this computation becomes a narrow escape problem. It does not fall, however, under any one of the previously studied cases of narrow escape time (NET) in planar or solid geometries [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and many more, because the passage of the needle through a vertical position in a narrow strip is equivalent to the diffusion of anisotropic Brownian motion through a narrow neck cut from a boundary cusp.
The problem of reaching an absorbing arc near a boundary cusp was reduced in Ref. [9] by a conformal map to the standard NET problem in a half plane and solved by extracting the singularity of the planar Neumann function. This method, as well as the boundary layer method of Ref. [3] , fail in the problem at hand and the solution requires different mapping, as used in Ref. [14] , and an altogether different boundary layer analysis. More specifically, we consider the motion of a Brownian needle of length l in a narrow strip of width l 0 > l such that ε = (l 0 − l)/l 0 1 (Fig. 1) . The NET problem is to find the mean time for the needle to turn 180
• . This is approximately twice the mean timeτ to reach the vertical position. We find thatτ is to leading order independent of the initial position of the needle andτ
where D X and D r are the longitudinal and rotational diffusion constants, respectively. This result,τ = O(ε −1/2 ), is more in line with Ref. [14] than the result of Ref. [9] , whereτ = O(ε −1 ). Geometrical formulation. The planar motion of the needle in Fig. 1 is described by two coordinates of the centroid and the rotational angle θ between the axes of the strip and the rod. The y coordinate of the center of the needle is measured from the axis of the strip. The motion is confined to the domain shown in Fig. 2 . The needle turns across the vertical position if it goes from the domain on the left to that on the right or in the reverse direction. The mean time for such a transition is to leading order independent of the indicated domains, as long as their radii are much larger than the narrow neck and they do not extend into the narrow neck. In this case the mean transition time is to leading order twice the mean first passage time (MFPT) to θ = π/2 [15] .
The turnaround time is invariant to translations along the strip (the x axis), therefore it suffices to describe the movement of the needle by its angle θ and the y coordinate of its center. The position of the needle is defined for θ − mod π , therefore, the motion in the invariant strip can be mapped into that in the (θ,y) planar domain ( Fig. 2 ):
Equations of motion of a Brownian needle in a planar strip. The two-dimensional diffusion of shaped objects, such as ellipses or needles, is anisotropic and is governed by longitudinal, transversal, and rotational diffusion constants [16] [17] [18] [19] . In a rotating system of coordinates (X,Y,θ ), where the instantaneous X axis is parallel to the long axis of the needle and the Y axis is perpendicular to it, the diffusive motion of the needle is anisotropic Brownian motion, which can be described by the stochastic equationṡ . In a fixed system of Cartesian coordinates (x,y), the translational and rotational motion of the centroid [x(t),y(t)] and the angle of rotation θ (t) of the needle is governed by the Itô stochastic equations [20] 
The trajectories of (3) are reflected at the boundary in the co-normal direction [20, 21] (see below). The transition probability density function of the needle in the product space × R,
FIG. 2. (Color online)
The diffusive motion of the needle in the strip (Fig. 1) can be represented as anisotropic diffusion of a point confined to the domain in the (y,θ) plane. The needle turns around when the point traverses the narrow straits at AB from one disk to the other. satisfies the Fokker-Planck equation
where the flux is given by
with D 1 (θ ) = D X cos 2 θ + D Y sin 2 θ and with no flux boundary conditions. Due to the symmetry and periodicity of p(t,x,y,θ) with respect to θ , it suffices to consider the fundamental domain 1 = ∩ {θ < π 2
}.
The NET of a Brownian needle. The NET [twice the MFPT τ from x = (x,y,θ) ∈ to θ = π/2] is translation invariant with respect to x and is thus the solutionτ = u(θ,y) of the boundary value problem [20] 
where D y (θ ) = D X sin 2 θ + D Y cos 2 θ and with the boundary conditions ∂u ∂ñ = 0 on the curved boundary and at θ = 0,
where the co-normal vectorñ(θ ) is given bỹ
with n(θ ) the unit outer normal vector at the boundary, and the co-normal derivative of u(θ,y) is given by ∂u ∂ñ =ñ(θ ) · ∇u(θ,y).
Asymptotic approximation of the NET. To construct the solution of the mixed Dirichlet-Neumann boundary value problem (6)- (8), we introduce the dimensionless variables
To convert (6) to canonical form, we introduce the variable
, which defines the inverse function θ = θ (ϕ), and set u(θ,y) = U (ϕ,η) to obtain The domain , defined in (11), is mapped into a similar domain,
in the (ϕ,η) plane. Because the co-normal direction at the boundary becomes normal, so does the co-normal derivative. It follows that the no-flux boundary condition (7) and the absorbing condition (8) become, respectively,
where ∂ is the curved boundary in the scaled Fig. 1 . The gap at θ = π/2 is preserved and the (dimensionless) radius of curvature of the boundary at the gap is
First, we simplify (12) by setting
and choosing
Equation (12) becomes
Next, we move the origin to the center of curvature of the lower boundary by setting
and use the conformal mapping
with ω = ρe iψ . We also have
The image ω of the domain is given in Fig. 3 . Setting V (ϕ,η) = W (ρ,ψ), fixing ρ = 1 in ω , and abbreviating W = W (ψ,1), Eq. (18) becomes to leading order where at ρ = 1
Using (20) and (21) and neglecting terms of order O(ε), we rewrite (22) as
In view of (17), the boundary conditions (14) become
Boundary layer analysis. The outer solution of (23) 
which is simplified by the substitution
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The boundary conditions (24) becomeỸ (c) = 0 and Y (∞) = 1/h(0)k(0). The boundary layer equation (26) has two linearly independent solutions,Ỹ 1 (ξ ) andỸ 2 (ξ ), which are linear for sufficiently large ξ . Initial conditions forỸ 1 (ξ ) and Y 2 (ξ ) can be chosen so thatỸ 2 
Thus the boundary layer function is given by
where A and B are constants to be determined and C is related to the constant 1/h(0)k(0) and is also determined below from the boundary and matching conditions. The matching condition is that W bl (ψ) = AỸ 1 (ψ/ √ ε) + BỸ 2 (ψ/ √ ε) + C remains bounded as ξ → ∞, which implies A = 0. It follows that at the absorbing boundary ψ = π we have
where the constant b incorporates all remaining constants. At the reflecting boundary we have to leading order
so that using (16) , (17) , and (20), we obtain from (29)
Because W (ω) scales with 1/f (ϕ) relative to V (ϕ,η), we may choose at the outset f [ϕ(π/2)] = 1. To determine the value of a, we integrate (6) over , use (30), and the fact that ∂ a dy = l 0 ε, to obtain a = −| | √ R /l 0 D r √ 2ε. Now (29) gives the MFPT at any point x in the head as
for ε 1. Reverting to the original dimensional variables, we get (1).
Discussion. The mean turnaround time of a Brownian needle in a narrow planar strip depends on the value of the parameter ε. Obviously,τ = O(1) for ε = O(1), however, as shown above,τ = O(ε −1/2 ) for ε 1. Our analysis exhibits difficulties inherent to the study of planar diffusion of shaped objects, e.g., in domains crowded with obstacles. For DNA repair in radiodurans, we propose that reorganizing the chromatin in a ordered phase (second-order phase transition) diminishes significantly the mean time for a double-strand DNA break end to rotate and thus to miss the opportunity for a correct recombination. To the best of our knowledge, the generalization to diffusion of a needle in a three-dimensional cylinder is yet to be done.
